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Introduction

1. Rationale

The content of whole thesis studies a special class of plurisubharmonic

functions. That is plurifine plurisubharmonic functions that we will write

F -plurisubharmonic. The history of problem gave study that started by

H. Cartan ’s results in the early 40s of last century. Then, to surmount

discontinuity of subharmonic functions on C, Cartan gave ”fine” topology

on C as weakest topology C that guarantees continuity of all subharmonic

functions. He established some remarkable results with respect to above

function class. Later on, in the 70s (of last century), Fuglede gave fine har-

monic functions and fine holomorphic function and established relationship

among them as relationship between fine harmonic function and fine holo-

morphic function in complex analysis book. Generalized above concepts to

Cn, Wiegerinck and partners built plurifine topology (one will denote byF -

topology) on Cn and defined the concept of F -plurisubharmonic function.

They developed the plurifine theory that one denotes F -pluripotential.

A natural problem is arisen in F -pluripotential theory is to investigate

similar problem of normal pluripotential theory for theF -plurisubharmonic

function class.

As well-known, among the plurisubharmonic functions on a Euclidean

open set Ω in Cn, there exists a very important subclass, with many ap-

plications in pluripotential Theory, especially in the solution of the gen-

eral Dirichlet problem, is the class of maximal plurisubharmonic functions.

Thus, the study of the maximal of the plurisubharmonic function on the

Euclidean open subset in Cn is one of the fundamental problems of the

pluripotential Theory. Because the local maximal of the plurisubharmonic

function are easier to see in many cases, a natural idea is change the con-

sider of the maximal (global) of plurisubharmonic function to the consider

local maximal of that function. However, until now, the radical solution of
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the equivalence of local maximal of a arbitrarily plurisubharmonic function

textit u on the open set Ω and the maximum of u on Ω is still an open

problem.

Another issue that has been investigated recently by many authors is the

approximation of the plurisubharmonic function by increasing sequence

of plurisubharmonic functions on larger domain. Benelkourchi, Cegrell,

Hed, Alevin, Persson, ... have been achieved excellent results about above

problem in about ten years ago.

Following above approach, our thesis concentrate to study class of max-

imal F -plurisubharmonic functions and the approximation problem of the

F -plurisubharmonic functions.

2. Objectives

Thesis concentrates to research some properties of F -plurisubharmonic

functions. More details, researching the relationship between local prop-

erty and global property of the F -plurisubharmonic functions, researching

to establish approximation problem of the F -plurisubharmonic functions

by a increase sequence of normal plurisubharmonic functions.

3. Research subjects

◦ The plurisubharmonic function, F -plurisubharmonic function and the

maximal F -plurisubharmonic function.

◦ The complex Monge-Ampère operator for the class of the finite F -

plurisubharmonic functions.

◦ Some function classes F -plurisubharmonic on Ω: E0 (Ω) ,Fp (Ω).

◦ Approximation problem of F -plurisubharmonic functions.

4. Methodology

◦ Using some theory research methods in the basic mathematic research
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with traditional tool and technique of the pluripotential theory, F -

pluripotential theory, functional analysis and the complex analysis.

◦ Participate in group seminars, organization department seminar to reg-

ularly exchange, discuss, disclose research results to receive information

about scientific accuracy of research results in the community of spe-

cialized scientists.

5. Contributions of thesis

◦ The thesis pointed out the equivalence between the global F -maximal

property and the F -locally F -maximal property of the continuous

F -plurisubharmonic functions on F -open sets in Cn (Theorem 2.1.2).

◦ Modifying above result and by new proof technique, Thesis pointed

out the equivalence between global F -maximal property and F -locally

F -maximal property of the bounded F -plurisubharmonic functions on

F -open sets in Cn (Theorem 2.2.2).

This result has very scientific meaningful because it is true for the

F -plurisubharmonic functions on F -open sets.

◦ Thesis gave concept of F -hyperconvex domain and gave class Fp (Ω).

With such proper concepts, Thesis proved that F -plurisubharmonic

function can be approximated by an increase sequence of negative

plurisubharmonic functions on decrease sequence of wider hypercon-

vex domains (Theorem 3.3.1).

6. The scientific and practical significance of the thesis

◦ Thesis given scientific result in thesis is new, updating with scien-

tific meaning and moreover really contributed in studying property

of F -plurisubharmonic function.

◦ In terms of method, the thesis contributed to diversify system of re-

search tool and technique in the complex analysis and pluripotential

theory.
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7. Research structure

Thesis’ structure is presented according to concrete regulation with re-

spect to the thesis of Ha Noi national University of Education. Structure of

Thesis consists the parts: Introduction, Overview, Chapters, Conclusion,

List of papers used in thesis, Reference.

The thesis’ main content consists three chapters as follows.

◦ Chapter 1. F-Plurisubharmonic function and the com-

plex Monge-Ampère operator

Chapter 1 presents some necessary elements about F -topology, defi-

nition and some properties of F -Plurisubharmonic function and the

complex Monge-Ampère operator and maximal F -Plurisubharmonic

function, also some results that will be used in next chapters.

◦ Chapter 2. Local property of maximal F-plurisubharmonic

function

Chapter 2 gave continuous or bounded condition to ensure necessary

and sufficient condition to a F -plurisubharmonic function, that F -

locally F -maximal, is global F -maximal on F -open set Ω in Cn. The

main results obtained are Theorem 2.1.2 and Theorem 2.2.2.

◦ Chapter 3. Approximation of F-plurisubharmonic func-

tion

Chapter 3 pointed out when negativeF -plurisubharmonic function u in

F -domain Ω that can be approximated by increase sequence of negative

plurisubharmonic functions defined on Euclidean neighborhoods of Ω.

The main result of this chapter is Theorem 3.3.1.

In the last part, in conclusion, we recall the main research results

presented in Thesis. In request part, we boldly give some next research

ideas to develop the thesis’ topic. We hope that will receive many

sharing attentions of scientists and colleagues to complete the research

results.



5

Overview of research problems in thesis

As presented above, the plurisubharmonic function is one of central

objects of the pluripotential theory. Investigating the plurisubharmonic

functions, that its focus researches the complex Monge-Ampre operators,

attracted attention of many big mathematicians from the decade 30s of the

century XX and achieved profound results. These works of authors K. Oka,

H. Cartan, P. Lelong, E. Bedford, B.A. Taylor, U. Cegrell, S. Kolodziej

and so on not only profoundly influence to development of complex anal-

ysis in several variables in particular, but also promoted the development

of many other fields in modern mathematics.

According to normal Euclidean topology, plurisubharmonic functions

generally not continuous, while continuity keeps central role in investigat-

ing functional theory. Therefore, giving new topologies to describe better

continuity of the plurisubharmonic function attracted attention from the

decade 30s of the former century.

In 2003, El Kadiri defined the concept of F -plurisubharmonic functions

onF -open subset of Cn and studied the properties of those functions. these

functions introduced as upper F -semicontinuous functions that restriction

on the complex lines is F -subharmonic function, where a F -subharmonic

function defined on aF -domain is upper semicontinuous and satisfies mean

value inequality. This definition is naturally extension plurisubharmonic

function for F -plurisubharmonic functions.

In 2010, El Marzguioui and Wiegerinck investigated continuous prop-

erty of F -plurisubharmonic functions on F -open set. They proved that

F -plurisubharmonic function is F -continuous.

In 2011, Kadiri, Fuglede and Wiegerinck proved many important prop-

erties of the F -plurisubharmonic function.

In 2004 and 2006 on a bounded hyperconvex domain (resp. on an open

set) Ω ⊂ Cn, Cegrell, resp. Bocki constructed the complex Monge-Ampère



6

operator with respect to a class of unbounded plurisubharmonic functions.

Moreover, in the same form with respect to a class of locally bounded

plurisubharmonic functions, they proved that maximum is a local con-

cept with respect to the classes of plurisubharmonic functions that they

introduced and investigated.

In 2014, El Kadiri and Wiegerinck defined Monge Ampre operator on

finite F -plurisubharmonic functions in F -open sets and pointed out that it

was defined as the positive measure. El Kadiri and M. Smit introduced and

researched the concept of F -maxinmal F -plurisubharmonic function and

the F -locally F -maxinmal F -plurisubharmonic functions, that is exten-

sion of the concept of maximal plurisubharmonic function on an Euclidean

domain to a F -domain of Cn in the natural way. They proved that each

bounded F -locally F -maxinmal plurisubharmonic function, that define on

an Euclidean open set, is F -maxinmal and they gave an example to show

that this result is not valid when the function is not finite.

The first research direction of Thesis is to extend the result of above au-

thors with respect to F -plurisubharmonic functions. Concretely, we study

sufficient condition to receive F -maximal property of F -plurisubharmonic

functions on F -open sets from local property respectively.

Next we consider the problem approximation of F -plurisubharmonic

functions by increasing sequence of plurisubharmonic functions. The his-

tory of this problem is as follows:

The first result belongs to Fornss and Wiegerinck, gave theorem (1989),

confirmed that, if Ω is a bounded domain with C1-boundary and u contin-

uous on Ω then u can be approximated uniformly on Ω by a sequence of

smooth plurisubharmonic functions defined on Euclidean neighborhoods

of Ω. Recently, Avelin, Hed, and Persson extended this result to domains

with local boundaries given by graphs of continuous functions. More-

over, According to the results given by S. Benelkourchi, Cegrell, L.Hed

and N.X. Hong, the plurisubharmonic functions u can be approximated
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monotonously from outside by increasing sequence of plurisubharmonic

functions, if the domain Ω has the F -approximation property and u be-

longs to one of the Cegrells classes in Ω.

Above mentioned results leads to following problem: let u be a negative

F -plurisubharmonic function in F -domain Ω. when u can be approxi-

mated by a increase sequence of plurisubharmonic functions defined on

Euclidean neighborhoods of Ω?

Therefore in this thesis, we investigates and solves two following prob-

lems.

The first problem: Study The local property of the maximal

F-plurisubharmonic function

Klimek proved that a locally bounded PSH function u defined on an

Euclidean open set is maximal if and only if (ddcu)n = 0, and therefore,

the bounded PSH function defined on an Euclidean open set is maximal if

and only if it is locally maximal. Therefore, maximal property and locally

maximal property with respect to bounded plurisubharmonic function de-

fined in defined on an Euclidean open set is equivalent.

Although with respect to a bounded F -PSH function u defined on an

F -open Ω, the complex MongeAmpre operator (ddcu)n can be F -locally

defined on Ω, however normal techniques of Klimek and authors can’t

apply for situation that u is F -plurisubharmonic function on Ω. Hence,

we need to find another techniques to generalize Klimek’s result for the

class of F -plurisubharmonic functions.

As mentioned above, we give sufficient conditions so that from F -locally

F -maximal property of a F -plurisubharmonic function on a F -open set

Ω in Cn also is F -maximal on Ω. Concretely: Theorem 2.1.2 pointed out

that with respect to a continuous F -plurisubharmonic function on Ω, this

function is F -maximal on Ω if and only if it is F -locally F -maximal on Ω.

Next, we extend the above result by replacing the condition contin-

uous in the Theorem 2.1.2 by the weaker condition that is bounded of
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F -plurisubharmonic function in a F -open set Ω in Cn. Result achieved

is Theorem 2.2.2 pointed out that F -maximal property is equivalent with

F -locally F -maximal property.

The second problem: Study approximation of F-plurisubharmonic

function by the plurisubharmonic functions

We give sufficient conditions to a F -plurisubharmonic function u in an

Euclidean open subset Ω approximated by a increase sequence of plurisub-

harmonic functions. Where, approximation is understood in the sense of

u can be approximated uniformly in Ω by a increase sequence of smooth

plurisubharmonic functions defined on Euclidean neighborhoods of Ω.

By giving concept of F -hyperconvex domain and defining the class

F -PSH functions E0(Ω) and Fp (Ω), we proved Theorem 3.3.1, where

state that each function u ∈ Fp (Ω) (p > 0) always approximate by an

increase sequence of plurisubharmonic functions in neighborhood of Ω.

The results of the thesis have been reported at the confer-

ence, workshop:

[1] Conference (01/2017), ”Approximation of F-plurisubharmonic func-

tions”, Conference of Scientific Research Report, Faculty of Mathematics

- Informatics, Hanoi University of Education.

[2] Conference (12/2017), ”Local maximality for bounded F-plurisubharmonic

functions”, Conference of Scientific Research Report, Faculty of Mathe-

matics - Informatics, Hanoi University of Education.

[3] Conference of Scientific (8/2018), ”Local property of maximal F-PSH
functions”, Mathematical Analysis Report - Vietnam Mathematical Congress

IX - Nha Trang.



Chapter 1

F-Plurisubharmonic function,

Maximal F-plurisubharmonic functions,

and the complex Monge-Ampère

Operator

In this chapter, we recall some basic elements about the F -topology in

Cn, the F -plurisubharmonic function, the complex Monge-Ampère oper-

ator for F -Plurisubharmonic functions, the maximal F -plurisubharmonic

function and give some research results that used in Thesis.

1.1 F-topology and F-plurisubharmonic function

Next, we recall some basic knowledge about F -topology given by E.

Bedford, B. A. Taylor, El. Marzguioui and J. Wiegerinck.

Definition 1.1.1. The F -topology on a Euclidean open set Ω ⊂ Cn is

the smallest topology on Ω that makes all plurisubharmonic functions on

Ω are continuous.

Since plurisubharmonic functions are always upper semicontinuous, a

9
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local subbase at any a ∈ Ω given by sets

U(a,B, ϕ) = {z ∈ B : ϕ(z) > 0}

where B ⊂ Ω is a ball with center at a and ϕ ∈ PSH(B) that ϕ(a) > 0.

The following Proposition describes neighborhood of the point a.

Proposition 1.1.2. Let F-topology F on a Euclidean open set Ω ⊂
Cn. Then, the sets U(a,B, ϕ) form a local basis for F-topology F .

The following Theorem was given by J. Wiegerinck about property of

F -topology F .

Theorem 1.1.3. Let F-topology F on a Euclidean open set Ω ⊂ Cn.

i) F is quasi-Lindelöf, that is, every arbitrary union of F-open sets

is the union of a countable subunion and a pluripolar set.

ii) F is completely regular, that is, for every F-closed set A ⊂ Ω and

a ∈ Ω\A, there exists an F-continuous function f such that f |A = 0

and f (a) 6= 0.

Remark 1.1.4. Euclidean topology smaller F -topology.

Next, we recall some definitions, propositions given by J. Wiegerinck,

M. El Kadiri and M. Smit.

Definition 1.1.5. A function f defined on a F -open set U ⊂ Rn is called

F -subharmonic if:

(i) f is F -upper semicontinuous;

(ii) f (z) 6
∫
∂FV

fdδ
U\V
z for V in some local base of the F -topology at

z;

(iii) f 6≡ −∞ on every F -component of U .

Definition 1.1.6. Let Ω denote an F -open subset of Cn.

A function f : Ω −→ [−∞,+∞) is said to be F -plurisubharmonic

if f is F -upper semicontinuous and, for every complex line l in Cn, the

restriction of f to any F -component of the F -open subset l ∩ Ω of l is

either F -subharmonic or ≡ −∞.
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Proposition 1.1.7. Let G and U is F-open sets on Cn that G ⊆ U .

Assume u ∈ F-PSH(U), v ∈ F-PSH(G), and F- lim sup
G3z→ζ

v (z) 6 u (ζ)

for all ζ ∈ ∂FG ∩ U . Then, function

ω (z) =

{
max (u (z) , v (z)) if z ∈ G,
u (z) if z ∈ U\G,

in F-PSH(U).

Next, one recalls some properties of F -plurisubharmonic functions by

M. El Kadiri, B. Fuglede, J. Wiegerinck.

Proposition 1.1.8. Let Ω be a Euclidean open subset of Cn .

For a function f : Ω→ [−∞; +∞), the following are equivalent:

(i) f is plurisubharmonic (in the ordinary sense).

(ii) f is C-strongly Fplurisubharmonic and not identically −∞ on

any component of Ω.

(iii) f is Fplurisubharmonic and not identically −∞ on any com-

ponent of Ω.

We speech and prove two following propositions that used in Chapter 3.

Proposition 1.1.9. Let Ω be an F-open set in Cn and let u ∈ F-PSH−(Ω).

Assume that χ : R− → R− is an increasing convex function. Then

χ ◦ u ∈ F-PSH−(Ω).

Proposition 1.1.10. Let Ω be an F-open set in Cn and let ϕ be a

strictly plurisubharmonic function on Cn. Assume that u, v ∈ F-PSH−(Ω)

such that ∫
Ω∩{−∞<u<v}

(ddcϕ)n = 0.

Then u ≥ v on Ω.
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1.2 Complex Monge-Ampère operator

Firstly, we recall two definitions and two following theorems given by M.

El Kadiri and J. Wiegerinck.

Definition 1.2.1. We denote QB(Cn) by σ-algebra on Cn generated by

Borel sets and pluripolar subsets of Cn, QB(U) by restriction of QB(Cn)

on U .

Theorem 1.2.2. Let u be an F-plurisubharmonic function on U.

Then there exists a pluripolar F-closed set E trong U such that the u

is C-strongly F-plurisubharmonic on U\E.

Theorem 1.2.3. Suppose that u1, u2, v1, v2 are plurisubharmonic func-

tion on a domain Ω ⊂ Cn. If u1− u2 = v1− v2 on an F-open O ⊂ Ω,

then (ddc(u1 − u2))n|O = (ddc(v1 − v2))n|O.

From the result above, we can defined that the Monge-Ampère operator

for F -plurisubharmonic functions be finite. We have

Definition 1.2.4. Let Ω be an F -open set in Cn and let QB(Ω) be

the trace of QB(Cn) on Ω. Assume that u1, . . . , un ∈ F -PSH(Ω) be

finite. Using the quasi-Lindelöf property of the plurifine topology and

Theorem 1.2.2, there exist a pluripolar set E ⊂ Ω, a sequence of F -

open subsets {Ok} and plurisubharmonic functions fj,k, gj,k defined on

Euclidean neighborhoods of Ok such that Ω = E ∪
⋃∞
k=1Ok and uj =

fj,k − gj,k on Ok. We define O0 := ∅ and∫
A

ddcu1 ∧ . . . ∧ ddcun :=

∞∑
j=1

∫
A∩(Oj\

⋃j−1
k=0Ok)

ddc(f1,j − g1,j) ∧ . . . ∧ ddc(fn,j − gn,j),
(1.1)

A ∈ QB(Ω). By Theorem 1.2.3, formula (1.1) is defined a the measure on

E.
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Note that, this measure does independent on {Ok}, {fj,k} and {gj,k}.
I say it is the complex Monge-Ampère measure of F -plurisubharmonic

functions .

Following, one recalls proposition given by E. Bedford and B. A. Taylor.

Proposition 1.2.5. Let Ω be an F-open set in Cn and let u1, . . . , un ∈
F-PSH(Ω) be finite. Then, ddcu1 ∧ . . . ∧ ddcun is a non-negative

measure in QB(Ω).

Next, we give some results through two propositions that be used in

Chapter 3.

Proposition 1.2.6. Let Ω be an F-open set in Cn and let µ be a

non-negative measure on QB(Ω). Assume that u, v ∈ F-PSH(Ω) are

finite such that (ddcu)n ≥ µ and (ddcv)n ≥ µ in Ω. Then

(ddc max(u, v))n ≥ µ in Ω.

Following result presents quasi-continuity of Monge-Ampère operator

and the monotone sequences of F -plurisubharmonic functions.

Proposition 1.2.7. Let Ω be an F-open set in Cn and let u ∈ F-PSH−(Ω)

be finite. Assume that {uj} is a monotone sequence of negative, finite,

F-plurisubharmonic functions such that uj → u a.e. on Ω. Then∫
Ω

f (ddcu)n ≤ lim inf
j→+∞

∫
Ω

f (ddcuj)
n,

for every non-negative, bounded, F-continuous function f on Ω.

1.3 Maximal F-plurisubharmonic functions

Now, we introduce the F -plurisubharmonic functions class have many

utilities in F -pluripotential Theory.

Following definition was given by M. El Kadiri and M. Smit.
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Definition 1.3.1. Let Ω ⊂ Cn be an F -open and let u ∈ F -PSH(Ω).

We say that u is F -maximal on Ω if for every bounded F -open G of Cn

for G ⊂ Ω, and for every function v ∈ F -PSH(G) that is bounded from

above on G and extends F -upper semicontinuously to G
F

with v 6 u on

∂FG implies v 6 u on G.

In 2014, El Kadiri and Smit proved some basic properties of maximal

F -plurisubharmonic function. By following proposition, they pointed out

that a necessary condition to aF -plurisubharmonic function isF -maximal.

Proposition 1.3.2. Let f be a finite F-maximal F-PSH on an F-domain

U in Cn. Then we have (ddcf )n = 0.

Important results about maximalF -plurisubharmonic function are stated

by us through two following propositions.

Proposition 1.3.3. Let Ω be an F-open set in Cn. Assume that u is

a bounded F-plurisubharmonic function on Ω.

Then, the following conditions are equivalent:

(a) u ∈ F-MPSH(Ω).

(b) u + g ∈ F-MPSH(Ω), for every pluriharmonic functions g on

Cn.

(c) For every v ∈ F-PSH(Ω) and for every F-open set G ⊂ Ω with

G ⊂ Ω, we have

sup
G

(v − u) ≤ sup
Ω\G

(v − u).

Proposition 1.3.4. Let Ω be F-open set in Cn and u is bounded, the

F-plurisubharmonic function on Ω. Assume that for every z ∈ Cn,

there exists an Euclidean open neighbourhood Vz ⊂ Cn of z such that

u|Vz∩Ω is F-maximal on Vz ∩ Ω. Then, u is F-maximal on Ω.
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Conclusion of Chapter 1

In this chapter, we present some of the necessary knowledge about the

topological F -topology, definitions and some properties of F -PSH func-

tion and maximal F -plurisubharmonic. At the same time also give, some

of the results be used in the following chapters. In particular, the definition

of the Monge-Ampère operator that is used to refer to the following two

chapters, give Proposition 1.3.3, Proposition 1.3.4 (used in Chapter 2), and

Proposition 1.1.9, Proposition 1.1.10, Proposition 1.2.5, Proposition 1.2.6

Proposition 1.2.7 (used in Chapter 3).



Chapter 2

Local property of maximal

F-plurisubharmonic function

In this chapter, we give sufficient conditions so that from F -locally

F -maximal property of a F -plurisubharmonic function on a F -open set

Ω in Cn also is F -maximal on Ω. Concretely: Theorem 2.1.2 pointed out

that with respect to a continuous F -plurisubharmonic function on Ω, this

function is F -maximal on Ω if and only if it is F -locally F -maximal on Ω.

Next, we extend the above result by replacing the condition contin-

uous in Theorem 2.1.2 by the weaker condition that is bounded of the

F -plurisubharmonic function on a F -open set Ω in Cn. Result achieved

is Theorem 2.2.2 pointed out that F -maximal property is equivalent with

F -locally F -maximal property.

2.1 Local maximum of continuous F-plurisubharmonic function

In this section, we will point out that continuous condition of a F -

plurisubharmonic function will ensure necessary and sufficient condition so

that theF -maximalF -plurisubharmonic function isF -locallyF -maximal.

Firstly, one has following definition:

Definition 2.1.1. Let Ω ⊂ Cn is F -open set and assume that u ∈
F -PSH(Ω). The function u is called F -locally F -maximal on Ω if for

16
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every z ∈ Cn, there exists a F -open neighborhood Vz ⊂ Cn of z, such

that u|Vz∩Ω is F -maximal on Vz ∩ Ω.

The most important result of this section is the following theorem.

Theorem 2.1.2. Let Ω be an F-open set in Cn. Assume that u is a

continuous F-plurisubharmonic function on Ω. Then u is F-maximal

on Ω if and only if it is F-locally F-maximal on Ω.

2.2 Local maximum of bounded F-plurisubharmonic function

In this section, we will point out ”weaker” condition that is bounded of

the F -plurisubharmonic function to ensure necessary and sufficient con-

dition so that the F -maximal F -plurisubharmonic function is F -locally

F -maximal, that is extension in above result with new proving technique.

This is one of results that carries a lot of scientific meaning, because it

is true for F -plurisubharmonic functions on F -open sets. Moreover, we

also point out a application with respect to a bounded F -maximal F -

plurisubharmonic function.

First, we need to state and prove following important lemma.

Lemma 2.2.1. Let D be a hyperconvex domain in Cn and let {ϕj} be

a sequence of plurisubharmonic functions defined on Euclidean open

subsets Uj of D such that

∞⋃
j=1

Uj b D.

Then, there exists an increasing sequence of bounded negative plurisub-

harmonic functions {ψk} on D such that

(i) ψk → 0 on D\E, for some pluripolar set E ⊂ D;

(ii) ϕj is continuous on Uj ∩ {ψk > −1}, for all j, k ≥ 1.

The most important result of this section is the following theorem.
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Theorem 2.2.2. Let Ω be an F-open set in Cn and let u ∈ F-PSH(Ω)

be bounded. Then, the following statements are equivalent:

(i) u is F-maximal on Ω;

(ii) u is F-locally F-maximal on Ω;

(iii) (ddcu)n = 0 on QB(Ω).

Since above theorem, we give the example about classes of F -maximal

F -plurisubharmonic functions through following corollary.

Corollary 2.2.3. Let Ω be an F-open set in Cn and let u ∈ F-PSH(Ω)

be bounded. Then with m ∈ N∗, we have

u ◦ π ∈ F-MPSH(Ω× Cm),

where π : Cn+m → Cn is the canonical projection.

Conclusion of Chapter 2

In this chapter, we have presented the Theorem 2.1.2 and the Theorem

2.2.2. Specifically, a new proof technique has been proved, which demon-

strates the equivalence of local and global maximal for F -PSH functions

on F -open set in Cn, with conditional continuous or bounded function .

We have given the Lemma 2.2.1 and has used this Lemma to prove theo-

rem 2.2.2. This chapter also gives an example for class of the F -maximal

F -plurisubharmonic functions through the Corollary 2.2.3.



Chapter 3

Approximation of F-plurisubharmonic

function

In this chapter, we give sufficient conditions to a F -plurisubharmonic

function u on an Euclidean open subset Ω approximated by a increase

sequence of plurisubharmonic functions. Where, approximation is under-

stood in the sense of u can be approximated on Ω by a increase sequence

of smooth plurisubharmonic functions defined on Euclidean neighborhoods

of Ω.

By giving concept of F -hyperconvex domain and defining the class

F -PSH functions E0(Ω) and Fp (Ω), we proved Theorem 3.3.1, where

state that each function u ∈ Fp (Ω) (p > 0) always approximate by an

increase sequence of plurisubharmonic functions in neighborhood of Ω.

3.1 The class E0 of F-plurisubharmonic functions

Firstly, we give the concept of F -hyperconvex domain, definition the

class E0(Ω) of F -plurisubharmonic functions on Ω.

Definition 3.1.1. A boundedF -domain Ω in Cn is calledF -hyperconvex

if there exist a negative bounded plurisubharmonic function γΩ defined on

a bounded hyperconvex domain Ω′ such that

Ω = Ω′ ∩ {γΩ > −1} and −γΩ is F -plurisubharmonic on Ω.

19
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We say that a bounded negative F -plurisubharmonic function u de-

fined on a bounded F -hyperconvex domain Ω belongs to the E0(Ω) if∫
Ω(ddcu)n < +∞ and for every ε > 0 there exists δ > 0 such that

Ω ∩ {u < −ε} ⊂ Ω′ ∩ {γΩ > −1 + δ}.

Proposition 3.1.2. Let Ω be a bounded F-hyperconvex domain in Cn.

Then E0(Ω) 6= ∅.

Note that, all bounded hyperconvex domain is F -hyperconvex.

Now, we give a example to point out that there is bounded F -hyperconvex

domain Ω that has no point in Euclidean. Moreover, Ω satisfies the hy-

pothesis of Theorem 3.3.1.

Exam 3.1.3.

Following, we have proposition.

Proposition 3.1.4. Let Ω be a bounded F-hyperconvex domain in Cn.

Assume that u ∈ E0(Ω) and v ∈ F-PSH(Ω) such that u ≤ v < 0 on

Ω. Then v ∈ E0(Ω) and∫
Ω

(−ρ)(ddcv)n ≤
∫
Ω

(−ρ)(ddcu)n,

for every ρ ∈ F-PSH−(Ω) ∩ L∞(Ω).

Moreover, if u = v in {u > −ε0} for some ε0 > 0 then,∫
Ω

(ddcv)n =

∫
Ω

(ddcu)n.

3.2 The class Fp of F-plurisubharmonic functions

Firstly, we give the definition of the class Fp(Ω) of F -plurisubharmonic

functions on Ω.

Definition 3.2.1. Let Ω be a bounded F -hyperconvex domain in Cn and

let p > 0. Denote by Fp(Ω) the family of negative F -plurisubharmonic
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functions u defined on Ω such that there exist a decreasing sequence {uj} ⊂
E0(Ω) that converges pointwise to u on Ω and

sup
j≥1

∫
Ω

(1 + (−uj)p)(ddcuj)n < +∞.

Note that if u ∈ Fp(Ω) then u ∈ Fq(Ω) for all q ∈ (0, p).

With those proper concepts given, we present some results through the

following propositions.

Proposition 3.2.2. Let Ω be a bounded F-hyperconvex domain in Cn

and let p > 0. Assume that u ∈ Fp(Ω), {uj} ⊂ E0(Ω) such that uj ↘ u

on Ω and

sup
j≥1

∫
Ω

(1 + (−uj)p)(ddcuj)n < +∞.

Then ∫
{u>−∞}

(ddcu)n = sup
j≥1

∫
Ω

(ddcuj)
n.

Moreover, if u is bounded then∫
Ω

(−v)(ddcu)n = sup
j≥1

∫
Ω

(−v)(ddcuj)
n,

for every v ∈ F-PSH−(Ω) ∩ L∞(Ω).

Proposition 3.2.3. Let Ω be a bounded F-hyperconvex domain in Cn

and let p > 0. Assume that u ∈ Fp(Ω) and v ∈ F-PSH(Ω) with

u ≤ v < 0. Then v ∈ Fmin(p,1)(Ω) and∫
{v>−∞}

(ddcv)n ≤
∫

{u>−∞}

(ddcu)n.

Proposition 3.2.4. Let Ω be a bounded F-hyperconvex domain in Cn

and let p > 0. Assume that u ∈ Fmin(p,1)(Ω) and v ∈ F-PSH−(Ω)

such that

(1 + (−u)p)(ddcu)n ≤ (1 + (−v)p)(ddcv)n



22

on Ω ∩ {u > −∞} ∩ {v > −∞}.
Then u ≥ v on Ω.

3.3 Approximation of F-plurisubharmonic functions

In this section, we state and prove some proposition and main theorem

of chapter that point out that every F -plurisubharmonic function, that

belong to the class Fp(Ω), can be approximated by a increase sequence

of negative plurisubharmonic functions defined on decrease sequence of

hyperconvex domain that contains Ω.

Theorem 3.3.1. Let Ω be a bounded F-hyperconvex domain and let

{Ωj} be a decreasing sequence of bounded hyperconvex domains such

that Ω ⊂ Ωj+1 ⊂ Ωj, for all j ≥ 1. Assume that there exists ρ ∈ E0(Ω),

ρj ∈ PSH−(Ωj) with ρj ↗ ρ a.e. on Ω. Then, for every p > 0 and

for every u ∈ Fp(Ω), there exists an increasing sequence of functions

uj ∈ PSH−(Ωj) such that uj → u a.e. on Ω.

Conclusion of Chapter 3

In this chapter, by giving the concept F -hyperconvex domain, defines

the class ofF -plurisubharmonic functions E0(Ω), Fp(Ω), propositions, used

complex Monge-Ampère operator and the propositions 1.1.9, clause 1.1.10,

clause 1.2.5, clause 1.2.6, clause 1.2.7, have proved Theorem 3.3.1, which

states that each of the function u ∈ Fp(Ω) (p > 0) is approximated by an

increase sequence of the negative plurisubharmonic functions on decrease

sequence of larger hypercovex domains



Conclusion and recommendation

I. Conclusion

Thesis has shown the conditions for the equivalence of propertyF -locally

F -maximal and F -maximal of the function F -PSH and has shown suf-

ficient conditions for a F -plurisubharmonic function approximated by an

increase sequence of the negative plurisubharmonic functions, concretely:

1. Thesis pointed out that with respect to a continuous F -plurisubharmonic

function on Ω, then this function is F -maximal on Ω if and only if it is

F -locally F -maximal on Ω (Theorem 2.1.2).

2. Thesis pointed out that with respect to a bounded F -plurisubharmonic

function on Ω, then this function is F -maximal on Ω if and only if it is

F -locally F -maximal on Ω (Theorem 2.2.2).

3. Thesis pointed out the conditions to establish approximation problem

for the F -plurisubharmonic function by increase sequence of the negative

plurisubharmonicfunctions on decrease sequence of larger hypercovex do-

mains (Theorem 3.3.1).

II. Recommendation

From resuts of thesis, we recommend some next research directions as

follow:

1. Can we find out definition of complex Monge-Ampère operator for

unbounded F -PSH functions as Cegrell type?

2. Can we solve complex Monge-Ampre equation for F -PSH function on

F -open domain? Can we study property of solution to that equation as:

Stability of solution, continuity, Hölder continuity and so on?
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3. Research some properties about weak F -plurisubharmonic function

and appply to pluripolar hulls.
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